The n th order homogeneous linear differential equation with variable coefficients
The n th order homogeneous linear differential equation with variable coefficients y (n) + p 1 y (n−1) + p 2 y (n−2) + · · · + p n−1 y + p n y = 0 (1) is encountered by every differential equations student, most often when n = 2, due to Newton's laws of motion.
When n = 2, the method of "reduction of order," (see for example [2, p. 171] ,) allows one to take a known solution y 1 (t) and find an independent solution. This method seems to lose students because it requires two substitutions and the big picture is lost amid all the maneuvering.
Abel's theorem is often introduced in a differential equations course but is not used in any non-trivial way. In this capsule, we show that if n − 1 solutions to (1) are known, Abel's Theorem allows us to find the nth solution rather straight-forwardly. In fact, Abel's Theorem provides an easy alternative to reduction of order. This method for second order equations does not seem to be mentioned directly in most textbooks, e.g., [1, 2, 3, 5] . It is referenced in an exercise in [4] , but only in the context of a second order equation.
Background. Recall that the Wronskian of n functions y 1 , . . . , y n is given by
The Wronskian is largely used to determine linear independence when y 1 , . . . , y n are solutions of (1). Abel's theorem states that
Reduction of Order through Abel. Assume n = 2 and that you know one solution y 1 (t) of (1). We use Abel's Theorem to solve for an independent solution y 2 . First, we notice that W (y 1 , y 2 ) = y 2 y 1 − y 2 y 1 . Taking K = 1 in Abel's Theorem, and dividing both sides by y 1 , we have a first order linear equation for the unknown independent solution y 2 ,
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The integrating factor for this first order linear equation is µ = y −1
Integrating and multiplying both sides by y 1 , one is led to
This is the same solution as derived by the standard reduction of order method. This derivation is more straight-forward than the reduction of order. The application of Abel's Theorem immediately yields a first order linear equation for the missing solution y 2 without any substitutions. We also avoid the trap of a trying to pass off u or w = y 2 as a solution, when one needs y 2 (t) = u(t)y 1 (t).
Higher Order Equations. For n > 2, if we know n − 1 solutions, Abel's Theorem still reduces the order by one degree. The cost of the reduction is that the resulting equation is now non-homogeneous, but all the information needed to solve the new non-homogeneous problem quickly is present. If we know the solutions y 1 , . . . , y n−1 and wish to find the final solution y n , an application of Abel's Theorem allows us to reduce the order to an (n − 1) st order non-homogenous differential equation:
However, we have a distinct advantage in solving this problem: We have a fundamental set of solutions to its associated homogenous problem: namely y 1 , y 2 , . . . , y n−1 . If we write the homogeneous version of (2) in Wronskian form,
then clearly, choosing y n = y 1 , . . . , y n−1 provides a solution. If we next rewrite (2) in the standard form the non-homogeneous term becomes
where W (t) is the Wronskian of the n − 1 solutions y 1 , . . . , y n−1 . Now, standard variation of parameters solutions allow us to solve (2) as follows.
Here W m is the "Cramer's rule" Wronskian, with the m th column of W (t) replaced by (0, 0, . . . , 0, 1) T . See [2, p. 237] for more on variation of parameters.
Conclusion.
Our method has certain advantages over the standard "reduction of order" method. In the most common case where n = 2, the derivation is clearer, simpler, and avoids the various, potentially error-creating substitutions. The extension proposed here to n > 2 ties together Wronskians, reduction of order, variation of parameters, and Abel's theorem. For higher order equations, it is often difficult, if not impossible, to obtain n − 1 of the solutions for variable coefficient equations, so it is unlikely that this technique is useful for them. Nonetheless, it is mathematically interesting and quite simple for the case of second order equations.
